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Abstract

We consider internal and surface waves propagating horizontally in the fluid waveguide, formed by an underlying density strat-
ification. As well as the usual basic density stratification, we are concerned with the effect of a nearly stationary depth-dependent
distribution of bubbles. While our previous work was restricted to the case of a locally monodisperse mixture, in this paper we show
that by using a quasistatic approximation (where attention is confined to those modes whose typical frequencies are much less than
the natural frequency for bubble oscillations), we can extend that work to the case of more general discrete and continuous bubble
distributions. The equations of motion are formulated in terms of the usual fluid variables and the void fraction of bubbles. Then, to
leading order in the Boussinesq approximation, we obtain the usual equation for internal wave modes, but the value of the buoyancy
frequency in the fluid is replaced by an effective buoyancy frequency which takes account of the bubble distribution. Indeed, in
some circumstances the bubble distribution could be entirely responsible for the density stratification, and hence can give rise to its
own internal wave field. Two physical factors are shown to affect the buoyancy frequency in the mixture: the effective stratification
due to the bubbles adds to the effect of stratification in the liquid, while the compressibility of the mixture due to the bubbles
reduces the buoyancy frequency. Having in mind possible applications of our model to oceanic situations and in accordance with
existing observational evidence that the void fraction profile in the ocean decays exponentially with depth, we obtain an explicit
description of the normal modes for several simple models of the basic density profile and show that bubble distributions, when
present, may considerably change the properties of the internal waveguide.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Horizontally propagating internal waves arise in fluids where there is a basic depth-dependent density profile, and
have been intensively studied, often in an oceanic context. Our concern here is with the effect on the internal and
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surface waves in this waveguide when there is, in addition, a depth-dependent distribution of bubbles. Such a situation
is certainly conceptually feasible, and, indeed, such distributions of bubbles may arise in many fluid situations of
practical interest (e.g., in the upper layer of the ocean, which is our main concern here, or in technological processes
using aerated fluids, such as deep-water oil drilling).

Previously (Grimshaw and Khusnutdinova [1,2]) we have used a two-dimensional model of a dilute locally
monodisperse mixture of an incompressible fluid with gas bubbles to model and study internal waves in the presence
of a depth-dependent distribution of bubbles. Here, this work is extended to more realistic polydisperse mixtures,
when, at each fixed depth, there is either a discrete or a continuous distribution of bubbles. We restrict our attention
to the low-frequency situation, where we assume that the characteristic frequencies of the normal modes are much
less than the natural frequency for bubble oscillations. This assumption leads to a quasistatic approximation for the
interaction of the bubbles with the fluid, in which only a pressure balance is needed and the high-frequency radial
oscillations of the bubbles are ignored. In this approximation, we can formulate the mathematical model in terms of
the usual fluid variables, and only the total void fraction of bubbles, thus allowing us to consider more general bubble
distributions. We then use a form of the Boussinesq approximation, to obtain an explicit analytical description of the
normal modes (including the surface wave mode) for the important case of a near-surface (exponentially decaying
with depth) void fraction. Our results show that bubble distributions, when present, can have a profound effect on the
structure of the internal wave field (but do not significantly affect the surface wave mode). As we show in Section 4,
bubbles can support their own “bubble” modes of internal waves, even in an otherwise homogeneous fluid. If there
is a background density stratification which is present in the absence of any bubbles, supporting one or more internal
modes, then the weak coupling introduced through the interaction of the two waveguides induces a splitting of the
dispersion curves, which is reflected in the behaviour of the respective modal functions. In the simple case when the
background density stratification (in the absence of bubbles) is modelled by a two-layer fluid, so that there is just a
single pycnocline mode, the splitting of the dispersion curves is most pronounced for a shallow pycnocline, and a rel-
atively large void fraction for the bubbles compared to the density jump across the interface. Otherwise, for a deeper
pycnocline, or for a larger density jump across the pycnocline, or for a smaller void fractions of bubbles, the splitting
of the dispersion curves is still present, but is less pronounced, resulting in a pycnocline mode which has a similar
structure to the bubble modes. Finally, if the pycnocline is well separated from the bubble layer, then there is virtually
no interaction between the pycnocline mode and the bubble modes, and we have two independent waveguides located
at different depths.

Although our present model may be applicable in various situations, in this paper we have focused on possible
oceanic applications. The internal wave field constitutes a fundamental component of the ocean. For sufficiently large
horizontal scales, it is customary to take account of the ocean’s free surface and rigid bottom, and so reduce the
study of internal waves to a normal mode structure with associated horizontal propagation features (e.g., LeBlond
and Mysak [3], Gill [4], Miropol’sky [5]). It is well known that breaking surface waves inject bubbles into the ocean
surface layer. Since density variations in the ocean are usually small, typical void fractions of bubbles in the upper
ocean may significantly change the density gradient field. Until recently, this feature has not been taken into account
in determining the structure of normal modes. However, developments both in the observations of the structure of
the bubble layer in the upper ocean (e.g., Thorpe [6], Farmer, Vagle and Li [7], Terrill and Melville [8]), and in the
mechanics of multiphase media (e.g., Nigmatulin [9]), have allowed us to begin the consideration of the effect of
bubbles on normal modes (Grimshaw and Khusnutdinova [1,2]).

According to Thorpe [6], for winds exceeding 6.5 m s−1 there is a continuous bubble layer of variable thickness
in the upper ocean, which may extend to a depth of several meters beneath the surface (see Farmer and Vagle [10],
Zedel and Farmer [11], and Farmer et al. [7]). The observed bubble layer is highly structured, varies both spatially and
temporally, and depends significantly on the wind speed. In general, there is a monotonic decrease in the bubble void
fraction with increasing depth; the void fraction profile either decays exponentially, or may follow an inverse-square
profile (Buckingham [12]). According to Farmer and Lemon [13], the bubble concentration decreases exponentially
with depth, with an e-folding scale of order 1 m, which depends on the wind speed. The number density of bubbles
as a function of the bubble radius has a peak at all depths, and decreases rapidly on either side of the peak, and also
rapidly with depth (see, e.g., Thorpe [14], Farmer et al. [7], Terrill and Melville [8] and the references there). These
observations have shown that bubbles with radii of approximately 50–100 µm contribute most to the total void fraction
(Farmer et al. [7]). A fuller review of the data gathered on the distributions of bubbles in the ocean can be found in
our earlier work (Grimshaw and Khusnutdinova [1,2]).
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2. Model formulation

We consider a polydisperse mixture of an inviscid, incompressible fluid with small gas bubbles, which is bounded
above by a free surface and below by a flat rigid boundary. We suppose that the flow is two-dimensional, and use the
spatial coordinates (x, z) where x is horizontal and z is vertical. The rigid bottom is at z = −H and the undisturbed
free surface is at z = 0.

We follow an approach developed in the mechanics of multiphase media (e.g., Nigmatulin [9]). The bubbles are
assumed to preserve their mass and spherical form. The distances between the bubbles are supposed to be large enough
to prevent collisions, and so the interaction between the bubbles is due only to pressure changes. The processes of
bubble formation and destruction are not taken into account, and it is assumed that the bubbles, on average, move
with the velocity of the fluid flow. The fluid phase is assumed to be incompressible, following the traditional approach
towards studying internal waves (in the absence of bubbles). This is also justified by the great compressibility of
bubbles compared to that of the surrounding fluid, and their small physical dimensions. The void fraction αg is
supposed to be small enough, αg � 1, so that the mass of the gas is neglected compared to the mass of the fluid. Thus,
the mixture can be considered as a medium with density ρ approximately equal to ρl(1 − αg) where ρl is the density
field of the fluid phase. Here, surface tension and dissipative mechanisms are not taken into account (for a discussion
of these effects see Grimshaw and Khusnutdinova [1,2]).

Under these assumptions the set of equations describing two-dimensional motion of the mixture takes the form

ρ
du

dt
+ px = 0, ρ

dw

dt
+ pz + ρg = 0, (1)

dρ

dt
+ ρ(ux + wz) = 0,

dni

dt
+ ni(ux + wz) = 0, (2)

ρl

(
Ri

d2Ri

dt2
+ 3

2

(
dRi

dt

)2)
= pgi − p, (3)

dρl

dt
= 0, ρ = ρl(1 − αg), αg = 4

3
π

N∑
i=1

niR
3
i , (4)

d

dt

(
pgiR

3κ
i

) = 0. (5)

Here p,ρ,u,w are pressure, density and velocity components of the mixture; ρl is the density of a pure fluid;
pgi,Ri, ni are pressure, radius and number density of bubbles of the ith fraction (i = 1,2, . . . ,N , fractions are char-
acterised by the size of bubbles in the basic state); αg is the total void fraction; κ is a polytropic exponent of a gas
(1 � κ � γg , where γg is the adiabatic exponent of a gas) and

d

dt
= ∂

∂t
+ u

∂

∂x
+ w

∂

∂z

is the material derivative with respect to time. In this model, the basic fluid equations for the mixture are closed by
the Rayleigh equation (3) for the bubble oscillations (Rayleigh [15]), where the pressure at infinity is replaced by the
pressure of the mixture. Eq. (5) follows from the conservation laws

d

dt

(
lnpgiρ

−κ
gi

) = 0 and
d

dt

(
ρgiR

3
i

) = 0,

where ρgi is the density of the gas (for bubbles of the ith fraction). Here, the first law generalises conservation laws for
temperature (κ = 1) and entropy (κ = γg) of the gas and is similar to the polytropic law. The second law follows from
conservation of the mass of a spherical bubble. This is essentially the Iordansky [16], Kogarko [17], Wijngaarden [18]
model, modified to take gravity, and the depth-dependence of the void fraction, into account (see also Nigmatulin [9]).
For a fuller discussion of the model in the monodisperse case see Grimshaw and Khusnutdinova [1,2].

Here, we consider in more detail the low-frequency situation, when the characteristic frequency of a wave is small
compared to the natural frequency of bubble oscillations also known as Minnaert frequency (Minnaert [19]):

ω � ω∗ =
√

3κp∗
R2ρ∗

,

∗



R.H.J. Grimshaw et al. / European Journal of Mechanics B/Fluids 27 (2008) 24–41 27
where p∗ and ρ∗ are the local pressure and density of the mixture, and R∗ is the radius of a bubble. For example,
for typical oceanic conditions R∗ ≈ 50–100 µm, p∗ ≈ 105 Pa, ρ∗ ≈ 103 kg m−3, κ = 1.4, which leads to ω∗ ≈
(2–4) × 105 s−1. Thus, this assumption is appropriate when studying internal waves. In this case, we may neglect the
left-hand side of the Rayleigh equation (3), as these terms are responsible for high-frequency bubble oscillations. This
approximation yields

pgi = p, for all i.

This is called the quasistatic approximation, (e.g., Naugolnykh and Ostrovsky [20]). Then, from (5), we obtain

d

dt
ln

(
p1/κR3

i

) = 0, for all i. (6)

From (2) we have

d

dt
ln(ni) = −(ux + wz), for all i. (7)

Adding Eqs. (6) and (7) with a subsequent summation over all values of i yields

d

dt

(
p1/καg

) + p1/καg(ux + wz) = 0. (8)

From the second equation in (4) we find that

dρ

dt
= −ρl

dαg

dt
= − ρ

1 − αg

dαg

dt
.

Therefore, we can exclude ρl from all equations. As a result, in the quasistatic approximation, we have the following
reduced system of equations for the variables ρ,p,u,w,αg :

ρ
du

dt
+ px = 0, ρ

dw

dt
+ pz + ρg = 0, (9)

1

ρ

dρ

dt
= − 1

1 − αg

dαg

dt
, ux + wz = 1

1 − αg

dαg

dt
, (10)

d

dt

(
p1/καg

) + p1/καg(ux + wz) = 0. (11)

This equation set has the same form as that for a monodisperse mixture in this present quasistatic approximation.
It is useful to note that this reduced equation set can also be obtained from a continuous distribution of bubbles,

which may be a more realistic representation of oceanic bubble distributions. This case can be viewed as the limit
when the number of bubble fractions becomes infinitely large. In this case, we assume that the bubbles are distributed
by their size in the basic state, and c(R0, z)dR0 is the number density of bubbles with radii in the interval from R0 to
R0 + dR0. Then, the void fraction of bubbles in the basic state is

αg0(z) =
R0 max∫

R0 min

4

3
πR3

0c(R0, z)dR0.

In the perturbed state, we define the void fraction as

αg =
R0 max∫

R0 min

4

3
πR(R0, t, x, z)3c(R0, t, x, z)dR0.

The case for a finite number of bubble fractions is recovered by setting

c(R0, t, x, z) =
N∑

ni(t, x, z)δ(R0 − ai), i = 1,2, . . . ,N.
i=1
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Next we require that the number of bubbles, which in the basic state have radii in the interval from R0 to R0 + dR0,
is preserved,

dc

dt
+ c(ux + wz) = 0. (12)

The perturbed radius R should satisfy the Rayleigh equation. But, again, we restrict our attention to the low-frequency
quasistatic limit, so that locally, pg = p, and hence

d

dt

(
p1/κR3) = 0. (13)

Multiplying (13) by 4
3πc(R0, t, x, z) and integrating with respect to R0, we obtain

d

dt

(
p1/κ

R0 max∫
R0 min

4

3
πR3c dR0

)
− p1/κ

R0 max∫
R0 min

4

3
πR3 dc

dt
dR0 = 0,

which leads, on using (12), to Eq. (8). Here we have assumed that R0 max,R0 min are constants. Thus, for the continuous
distribution of bubbles, in the quasistatic approximation, we again have the same system of Eqs. (9)–(11).

3. Boussinesq approximation

Let us introduce the dimensionless variables

ρ̃ = ρ

ρ∗
, p̃ = p

ρ∗gh∗
, ũ = u

h∗N∗
, w̃ = w

h∗N∗
, α̃g = αg

σα∗
,

t̃ = N∗t, x̃ = x

h∗
, z̃ = z

h∗
,

where h∗ is a typical depth of the stratified layer, N∗ is a typical value of the buoyancy frequency in the mixture, ρ∗ is
a typical density value, and σα∗ is a typical value of the void fraction. Here, σ = h∗N2∗/g is the relevant Boussinesq
parameter, which is very small in typical oceanic conditions, and so we will seek a reduced form of the model valid
when σ � 1.

Then, Eqs. (9)–(11) assume the following non-dimensional form (the tilde superscripts are omitted):

ρ
du

dt
+ 1

σ
px = 0, (14)

ρ
dw

dt
+ 1

σ
(pz + ρ) = 0, (15)

1

ρ

dρ

dt
= − σα∗

1 − σα∗αg

dαg

dt
, (16)

ux + wz = σα∗
1 − σα∗αg

dαg

dt
, (17)

d

dt

(
p1/καg

) + p1/καg(ux + wz) = 0. (18)

We will suppose that in the basic state the mixture has density ρ0(z), a corresponding pressure p0(z) (satisfying
p0z = −ρ0), and that there is no shear flow, u0 = w0 = 0. The void fraction of bubbles in the basic state is also
assumed to be a function of depth only: αg = αg0(z). Here, we take into consideration only the vertical variability
of the bubble layer and do not consider the horizontal spatial variations of its thickness, which in reality might be
a significant feature. However, including such horizontal variability in the basic state leads to forbidding technical
difficulties in analysing these equations, and so, as a first step, we focus here solely on the effects due to the vertical
variability of the bubble layer.

We now perturb this basic state, assuming that

ρ = ρ0(z) + σ ρ̃, p = p0(z) + σ p̃, u = ũ, w = w̃,

αg = αg0(z) + α̃g.
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Linearising Eqs. (14)–(18) about the basic state, we obtain, after omitting the tilde superscript,

ρ0ut + px = 0, (19)

ρ0wt + pz + ρ = 0, (20)

σρt + ρ0zw = − ρ0σα∗
1 − σα∗αg0

(αgt + αg0zw), (21)

ux + wz = σα∗
1 − σα∗αg0

(αgt + αg0zw), (22)

σpt + κp0

αg0
αgt +

(
κp0

αg0z

αg0
+ p0z

)
w + κp0(ux + wz) = 0. (23)

Note that here ρ0z is O(σ ) so that all terms in (21) are of the same order.
This system can be reduced to just two equations for the variables w and αg . The horizontal velocity u can be

eliminated by taking the time derivative of (22) and using the horizontal momentum equation (19). This results in

1

ρ0
pxx = wzt − σα∗

1 − σα∗αg0
(αgtt + αg0zwt ). (24)

We then take the time derivative of the vertical momentum equation (20) and use (21) to eliminate ρ, which leads to

1

ρ0
pzt = −wtt +

(
1

σ

ρ0z

ρ0
+ α∗αg0z

1 − σα∗αg0

)
w + α∗

1 − σα∗αg0
αgt . (25)

Then, the pressure p can be eliminated by taking the second derivative of (25) with respect to x and second derivative
of (24) with respect to z and t . In the usual Boussinesq approximation (neglecting (1/ρ0)zpxxt term) this gives

∂2

∂t2
(wxx + wzz) −

(
1

σ

ρ0z

ρ0
+ α∗αg0z

1 − σα∗αg0

)
wxx − α∗

1 − σα∗αg0
αgtxx

−
[

σα∗
1 − σα∗αg0

(αgttt + αg0zwtt )

]
z

= 0. (26)

To derive the second equation, we first use (22) and rewrite (23) as

σpt + κp0

αg0(1 − σα∗αg0)
αgt +

(
κp0αg0z

αg0(1 − σα∗αg0)
+ p0z

)
w = 0. (27)

Then, by taking the second derivative of (27) with respect to x and using (24) to exclude p, we obtain the second
equation:(

κp0αg0z

αg0(1 − σα∗αg0)
+ p0z

)
wxx + κp0

αg0(1 − σα∗αg0)
αgtxx

+ σρ0

[
wztt − σα∗

1 − σα∗αg0
(αgttt + αg0zwtt )

]
= 0. (28)

We now use the Boussinesq approximation, so that σ � 1. In this case (26) becomes

∂2

∂t2
(wxx + wzz) −

(
1

σ

ρ0z

ρ0
+ α∗αg0z

)
wxx − α∗αgtxx = 0. (29)

Next from (28) we obtain, likewise in the Boussinesq approximation,

κp0

αg0
αgtxx +

(
κp0

αg0z

αg0
+ p0z

)
wxx = 0. (30)

Substituting (30) into (29), we finally get a single equation for the internal wave mode,

∂2

(wxx + wzz) + N2
eff(z)wxx = 0, (31)
∂t2
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where the value of the buoyancy frequency in the fluid should be replaced by the effective buoyancy frequency

N2
eff(z) = − 1

σ

ρ0z

ρ0
+ α∗αg0

κ

p0z

p0
. (32)

Note that Eq. (31) can be obtained by dropping the O(σ ) terms in all Eqs (19)–(23) except (21) from the outset, similar
to the use of the Boussinesq approximation in the absence of any bubbles.

Taking into account that ρ0 = ρl0(1 − σα∗αg0) and p0z = −ρ0, (32) yields

N2
eff(z) = − 1

σ

ρl0z

ρl0
+ α∗αg0z − α∗αg0

κ

ρl0

pl0
+ O(σ ),

where pl0z = −ρl0. Returning to the dimensional variables, we obtain, in the Boussinesq approximation,

N2
eff(z) = −g

ρl0z

ρl0
+ gαg0z − g2ρl0αg0

κpl0
= N2

l + gαg0z − g2ρl0αg0

κpl0
, (33)

where pl0z = −gρl0. Here N2
l = −gρl0z/ρl0 is the value of the buoyancy frequency in the pure fluid.

The formula (33) reflects two physical factors affecting the buoyancy frequency in the mixture; the effective strat-
ification due to the bubbles, expressed in the second term in (33), adds to the stratification in the pure fluid, while
the compressibility of the mixture due to the bubbles, expressed in the third term in (33) reduces the pure buoy-
ancy frequency. Considering possible applications to oceanic conditions, let the buoyancy frequency of the pure fluid
lie in the range Nl ≈ 10−3–10−2 s−1 (e.g., Gill [4]). Let us assume an exponential decay of the void fraction, so
that αg0z = γ αg0 where γ ≈ 0.5–1.0 m−1 (e.g., Buckingham [12]). Also, suppose that over this thin bubble layer,
ρ0 ≈ 103 kg m−3, p0 ≈ 105 Pa are both approximately constant, and κ = 1.4, g = 9.8 m s−2.Then, we estimate the
second term in (33) to be O((5 − 10)αg0), depending on the value of γ , that is, on the e-folding scale of the bubble
layer, while the third term is O(αg0). Thus, there may be an anomalously high value of the effective buoyancy fre-
quency in the upper mixed layer due to the depth-dependent distribution of bubbles, compared to the situation without
the bubbles. Typically if the void fraction αg0 is in the range 10−5 to 10−3, then the corrections to Nl are comparable
with Nl itself (see the estimates above). Further, for these typical oceanic conditions, the correction to the buoyancy
frequency due to the bubble stratification is considerably larger than the correction due to the compressibility of the
bubble mixture. But, also let us note that this comparison may fail for smaller values of γ ; we estimate that the two
terms become comparable for γ ≈ 0.1 m−1 when the bubble layer has an e-folding scale of order 10 m. However, for
the distributions observed in the ocean γ ≈ 0.5–1.0 m−1 (see above). We shall return to this issue in the next section.

4. Normal modes

In the present Boussinesq approximation equation (31) is supplemented by the usual surface and bottom boundary
conditions for internal waves:

w|z=0 = 0, w|z=−H = 0.

That is, as well as a rigid flat bottom, the free surface is approximated by a rigid lid in the usual way.
We look for solutions of (31) in the form

w = φ(z) exp
[
i(kx − ωt)

] + c.c.,

which leads to the Sturm–Liouville problem

d2φ

dz2
+ k2(N2

eff(z) − ω2)

ω2
φ = 0,

where

φ|z=0 = 0, φ|z=−H = 0.

Here, we recall that N2
eff(z) is defined by (33). It is well known (e.g., Miropol’sky [5]) that this boundary value problem

typically has countably many solutions (modes), characterised by their dispersion curves:

ω = ωn(k), n = 1,2,3, . . . .
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Each such curve is a monotonic function of k, 0 < ωn(k) < μ, and limk→∞ ωn = μ, where μ is the maximum
of Neff(z) on the interval [−H,0].

Since the bubble layer is essentially near the surface, and usually has a vertical length scale much less than that
of the underlying basic density stratification, a multiscale analysis of this problem could presumably be developed.
However, in the following subsections we choose to look instead at three different cases, where explicit expressions
can be obtained, to demonstrate the effect of the bubble layer on the internal wave dynamics over a full range of
possible length scales.

4.1. Uniform density stratification

Here we examine the case when the pure fluid has a constant buoyancy frequency, that is Nl = const, which is
perhaps one of the simplest models used to represent the oceanic density stratification. An important special case
arises here when in fact Nl = 0 so that the density stratification is entirely due to the bubbles. In this situation we
will show that bubble distributions observed in the ocean can themselves support internal wave modes, which we will
call bubble modes. We then restore the background fluid stratification, that is Nl = const �= 0, so that the oceanic
waveguide can support internal wave modes in the absence of any bubbles. In this situation, we then explore how the
two waveguides can interact with each other.

Since the buoyancy frequency Nl is a constant (possibly zero) the density of the fluid is given by

ρl0 = ρae−(N2
l /g)z,

where ρa is the density at the free surface. For oceanic conditions, the void fraction either decays exponentially, or
follows the inverse square law (see the Introduction). Here, we assume an exponential dependence αg0 = αaeγ z, with
γ ≈ 0.5–1.0 m−1 (Buckingham [12]) and αa is the value of the void fraction close to the free surface. The pressure pl0
is given by

pl0 = pa + ρag
2

N2
l

(
e−(N2

l /g)z − 1
)
,

where pa is the atmospheric pressure.
This leads to the following expression for the effective buoyancy frequency:

N2
eff(z) = N2

l + N2
g (z) − N2

c (z), (34)

where N2
g (z) = gγαaeγ z, N2

c (z) = εgγ αaP̃ (z),

P̃ (z) = pae(γ− N2
l
g

)z

pl0
, ε = ρag

γ κpa

. (35)

Here, N2
g (z) denotes the contribution due to the effective stratification in the presence of bubbles, and N2

c (z) de-

notes the contribution due to the compressibility of the mixture. For the typical oceanic conditions, ρa = 103 kg m−3,
g = 9.8 m s−2, γ = 0.5–1.0 m−1, κ = 1.4, pa = 105 N m−2, which leads to ε ≈ 0.07–0.14. Thus, the modal equa-
tion (4) takes the form

d2φ

dz2
+ k2(N2

l + gγαaeγ z − ω2)

ω2
φ = ε

k2

ω2
gγαaP̃ (z)φ, (36)

where the term on the right-hand side can be treated as a perturbation of the main terms on the left-hand side.
We look for solutions of (36) in the form

φ = φ0 + εφ̃ + O
(
ε2), ω2 = ω2

0 + ελ + O
(
ε2), (37)

which to the leading order yields

d2φ0

dz2
+ k2(N2

l + gγαaeγ z − ω2
0)

ω2
0

φ0 = 0, (38)

φ0|z=0 = 0, φ0|z=−H = 0.
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Let us make a change of variable:

z̃ = 2
√

a eγ z/2, a = gαak
2/(γω2

0),

which reduces the unperturbed equation (38) to the Bessel equation (e.g., Abramowitz and Stegun [21])

z̃2φ′′
0 + z̃φ′

0 + (
z̃2 − ν2)φ0 = 0, ν2 = 4k2(ω2

0 − N2
l )

γ 2ω2
0

. (39)

This equation is supplemented by the boundary conditions

φ0|z̃=2
√

a = 0, φ0|z̃=2
√

a e−γH/2 = 0. (40)

The general solution of (39) is given by

φ0(z̃) = C1Jν(z̃) + C2Yν(z̃), (41)

where Jν and Yν are Bessel functions of the first and second kind. Note, that for ω0 < Nl the order ν of the Bessel
functions will be purely imaginary. For Nl < ω0 < μ, the parameter ν and the Bessel functions of the corresponding
order are real-valued.

The boundary conditions (55) imply that the dispersion curves ω0 = ω0n(k), n = 1,2,3, . . . , for the internal modes
are given by the roots of the expression,

Jν(2
√

a)Yν

(
2
√

a e−γH/2) − Yν

(
2
√

a
)
Jν

(
2
√

a e−γH/2) = 0. (42)

The non-normalised real-valued modal functions of the problem (38) can be written in the form

φ0n(z) = Yνn(2
√

an)Jνn

(
2
√

an eγ z/2) − Jνn

(
2
√

an

)
Yνn

(
2
√

an eγ z/2) + c.c. (n = 1,2,3, . . .). (43)

Before proceeding, let us mention that in the limit to the pure fluid situation, i.e. αa → 0, the dispersion relation (42)
reduces to the usual dispersion relation for internal wave modes (in the following we write ω instead of ω0)

ω2 = k2N2
l

k2 + (nπ/H)2
, (44)

with n = 1,2,3 . . . . Indeed, for a small fixed value of αa and fixed values of k and ω, the parameter a = gαak
2/(γω2)

is also small. Then, using the standard expansions of the Bessel functions in the vicinity of zero (e.g., Abramowitz
and Stegun [21]) and considering the limit αa → 0, we obtain

sinh
γ νH

2
= 0. (45)

Here, γ ν/2 = k

√
ω2 − N2

l /ω. For the real non-zero values of this parameter, Eq. (45) has no solutions. Therefore,
one has to consider the imaginary values,

k

ω

√
ω2 − N2

l = il, (46)

which leads to the equation sin lH = 0 instead of (45). This equation has countably many solutions lH = nπ , for the
integer values of n. Then, substituting these values into Eq. (46), one obtains (44).

Let us now consider the opposite case when the stratification is entirely due to the bubbles, that is, we assume that
Nl = 0, i.e. ρl0 = ρa = constant. This leads to the following expression for the effective buoyancy frequency

N2
eff(z) = gγαaeγ z

[
1 − εQ̃(z)

]
, (47)

where

Q̃(z) = pa

pa − ρagz
.

Here, we again consider just the leading order problem, when ε → 0. The effect of the compressibility term will be
estimated later.

In this case, the order ν of the Bessel functions in (43) is real. The roots of the dispersion equation (42) are real and
simple (e.g., Tranter [22]). An asymptotic formula can be written down for the high order zeros of this equation (e.g.,
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Fig. 1. The first three dispersion curves for H = 100 m, γ = 0.5 m−1, αa = 0.001.

Fig. 2. The first three modal functions for H = 100 m, γ = 0.5 m−1, αa = 0.001.

Abramowitz and Stegun [23]). However, only the first modes are interesting from a physical point of view. Above
we show the dispersion curves (42) for the first three modes, obtained numerically, for a realistic set of parameters:
H = 100 m, γ = 0.5 m−1, αa = 0.001 (Fig. 1).

Here the modes are indexed in the usual way, by the increasing number of internal zeros of the modal functions.
These are plotted in Fig. 2 for the corresponding dispersion curves shown in Fig. 1, for two different values of
the wavenumber k: k = 0.01 m−1 and k = 0.12 m−1. Thus, a depth-dependent distribution of bubbles leads to the
existence of internal modes in an otherwise homogeneous fluid. It is interesting to note that although the void fraction
of bubbles decays rather rapidly with depth, the modes shown in Fig. 2 are not trapped in the very upper part of the
waveguide. Instead, they are still present at a considerable depth. For the cases shown, this is because the waves are
long compared to the depth of the bubble layer (k/γ = 0.02,0.24 respectively), although they are not long waves
compared to the total depth (kH = 1,12 respectively). Only very short internal waves, with k � γ −1, will have
modes trapped within the bubble layer. We also examined the case when H = 500 m, with all the other parameters
unchanged. The dispersion curves are qualitatively unchanged, with some small quantitative differences arising only
for very small values of k. Since now kH = 5,60 respectively, the modes do not “feel” the bottom, and instead decay
in the deeper water as k−1. For the case of k = 0.12 m−1 there is a no observable change in the modal structure; for
the case k = 0.01 m−1 while there is no observable qualitative change in the modal structure in the bubble layer, there
is a minor qualitative difference in the modal structure in the deeper water, where now the decay is exponential rather
than the near-linear decay shown in Fig. 2.

Let us next assume that there is a uniform background fluid stratification Nl = const. In this case, we have two
weakly interacting waveguides; the main internal waveguide due to the stratification of the fluid, and the additional
bubble waveguide due to the depth-dependent distribution of bubbles in the upper part of the fluid. As we have
demonstrated above, each of them separately can support wave modes that have their own dispersion curves. In the
absence of any coupling, the corresponding dispersion curves would intersect at some finite k. The weak coupling
present induces a splitting of the dispersion curves, clearly seen in Fig. 3 for Nl = 0.015 s−1 and the same values of
other parameters as in Fig. 1 (that is, H = 100 m, γ = 0.5 m−1, αa = 0.001). Thus, for instance, the first dispersion
curve follows the dispersion curve of the main internal waveguide, but soon after the inflection point where there is
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Fig. 3. The first three dispersion curves for H = 100 m, γ = 0.5 m−1, αa = 0.001, Nl = 0.015 s−1.

Fig. 4. The first three modal functions for H = 100 m, γ = 0.5 m−1, αa = 0.001, Nl = 0.015 s−1.

a close encounter with the second dispersion curve, it continues as the dispersion curve of the bubble waveguide. An
analogous situation holds for the second and third dispersion curves. Such situation is typical for weakly interacting
waveguides, and is often referred to as a near-“kissing” event.

The behaviour of the dispersion curves is reflected in the behaviour of the corresponding modal functions, shown
in Fig. 4 for four different values of the wavenumber k: k = 0.012 m−1, k = 0.144 m−1, k = 0.342 m−1 and
k = 0.562 m−1. Before the inflection points of the dispersion curves (e.g., k = 0.012 m−1), the modes occupy the
entire fluid waveguide, but the behaviour after the inflection points is different. For example, in the vicinity of the
inflection point of the first mode (k = 0.144 m−1), the first mode becomes trapped in the bubble waveguide, while the
second and the third still occupy the entire depth. The same transition occurs for the second and the third modes
near the inflection points of the respective dispersion curves (k = 0.342 m−1 and k = 0.562 m−1). For the last
value, k = 0.562 m−1, all three modes are trapped in the bubble waveguide. Again, we also examined the case when
H = 500 m, with all the other parameters unchanged, and the dispersion curves are shown in Fig. 5. They are qualita-
tively the same as that shown in Fig. 3, but because the difference between the “internal” mode occupying the whole
depth and the “bubble” mode confined to the bubble layer is now more greatly accentuated, the near-“kissing” struc-
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Fig. 5. The first three dispersion curves for H = 500 m, γ = 0.5 m−1, αa = 0.001, Nl = 0.015 s−1.

ture at the inflection points is consequently more prominent. The modal functions have much the same structure in the
bubble layer, but in the deeper water now differ from those shown in Fig. 4; indeed, since the oscillatory structure in
the deeper water extends over the whole depth, the modes have essentially the same shape as those shown in Fig. 4,
but are rescaled to fit the whole domain. We also examined cases with weaker background fluid stratification (e.g.,
Nl = 0.01 s−1), with no qualitative change in the behaviour of both the dispersion curves and the modal functions.

We next use a perturbation theory to estimate the effect of compressibility on the dispersion relation. To find the
first corrections to ω2

0 and φ0 (see expansions (37)), one has to solve the following inhomogeneous problem:

d2φ̃

dz2
+ k2(N2

l + gγαaeγ z − ω2
0)

ω2
0

φ̃ = k2

ω2
0

(
gγαaP̃ (z) + λ

N2
l + gγαaeγ z

ω2
0

)
φ0, (48)

φ̃|z=0 = 0, φ̃|z=−H = 0.

The solvability condition for this problem requires the orthogonality of the right-hand side of (48) to the solution φ0
of the homogeneous problem, which leads to the following expression for the first correction to the dispersion relation
for the modes,

λ(k,ω0)

ω2
0

= − gγαa

∫ 0
−H

P̃ (z)φ2
0(z)dz∫ 0

−H
(N2

l + gγαa eγ z)φ2
0(z)dz

, ω0 = ωn0(k), n = 1,2,3, . . . . (49)

From (35), it is readily shown that, since Nl � 0 and z � 0,

gγαaP̃ (z) = gγαapae(γ−N2
l /g)z

pa + (ρag2/N2
l )(e−(N2

l /g)z − 1)
�

gγαapae(γ−N2
l /g)z + paN

2
l

pa

� N2
l + gγαaeγ z.

Then, taking into account that both integrands in (49) are non-negative in the interval [−H,0], we deduce that∣∣∣∣λ(k,ω0)

ω2
0

∣∣∣∣ � 1.

Thus, for a fixed k, compressibility results in decreasing the frequency compared to ω0, but the value of the correction
to ω2

0 due to this effect is ελ(k,ω0) (see (37)), and, thus, is small (in typical oceanic conditions, ε ≈ 0.07–0.14, see
above). Hence, it seems that in the oceanic context compressibility effects can usually be ignored.

4.2. Two-layer model

The considerations of the previous subsection can be viewed as a generalisation of the classical problem of internal
wave modes in a fluid with constant buoyancy frequency. In this section we address the question, how does the bubble
layer effect internal wave modes, when there is a sharp pycnocline below the free surface. As a first step in this
direction we consider the simplest and commonly-used model, a two-layer fluid, where we have just one pycnocline
mode in the absence of any bubbles. The upper layer has an undisturbed constant depth h, a constant density ρ1 in
the absence of any bubbles, and a near surface bubble distribution, while the lower layer is without bubbles and has
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a constant density ρ2. For simplicity, we assume this layer to have infinite depth. Previously, we have considered a
two- and three-layer models, where all layers had constant but different effective buoyancy frequencies (Grimshaw
and Khusnutdinova [1,2]). Here, we do not require the effective buoyancy frequency in the upper layer to be constant,
considering as before the case of an exponentially decaying distributions of bubbles.

The relevant equations and boundary conditions follow, where subscript 1(2) corresponds to the upper (lower)
layer. The boundary conditions on the top and at the bottom then are

w1|z=0 = 0, w2 → 0 at z → −∞. (50)

The linearised conditions at the interface are

w1|z=−h = w2|z=−h = ζt and (51)

p1 − p2|z=−h = −(ρ2 − ρ1)gζ, (52)

where ζ(x, t) is the interface displacement, respectively expressing continuity of the vertical displacement and the
pressure. In the Boussinesq approximation used to derive Eq. (31) condition (52) takes the form

w1zt − w2zt |z=−h = −�ρgζxx, where �ρ = ρ2 − ρ1

ρ1
. (53)

Note that we have assumed here that ρ2 − ρ1 is O(σ ). In the lower layer (pure homogeneous fluid without bubbles)
we have just Laplace’s equation for w2. The solution which satisfies (57) is

w2 = C exp
[
k(z + h)

]
exp

[
i(kx − ωt)

] + c.c.

Assuming that ζ(x, t) = A exp[i(kx − ωt)] + c.c. and applying the boundary condition at the interface, we get

C = −iωA.

In the upper layer we have (31) as in Section 3, where Neff is given by (34) and takes the form (in the appropriate
limit)

N2
eff(z) = N2

g (z) − N2
c (z), where N2

g (z) = gγαaeγ z, N2
c (z) = εgγ αaP̃ (z),

P̃ = paeγ z

pa − ρ1gz
, ε = ρ1g

γ κpa

.

As before, N2
g (z) denotes the contribution due to the effective stratification in the presence of bubbles, and N2

c (z)

denotes the contribution due to the compressibility of the mixture.
Again we look for a solution of (4) in the form (37) and at the leading order the Sturm–Liouville problem (36) now

reduces to

d2φ0

dz2
+ k2(gγ αaeγ z − ω2

0)

ω2
0

φ0 = 0,

φ0|z=0 = 0, φ0|z=−h = −iωA.

Making the same change of variable as before,

z̃ = 2
√

a eγ z/2,

where a = gαak
2/(γω2

0), we obtain

z̃2φ′′
0 + z̃φ′

0 + (
z̃2 − ν2)φ0 = 0, ν = 2k

γ
. (54)

This equation is supplemented by the boundary conditions

φ0|z̃=2
√

a = 0, φ0|z̃=2
√

a e−γ h/2 = −iωA. (55)

The general solution of (54) is again given by

φ0(z̃) = C1Jν(z̃) + C2Yν(z̃),
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while the boundary conditions now imply that

C1 = −iωAYν(2
√

a)

Yν(2
√

a)Jν(2
√

a e−γ h/2) − Jν(2
√

a)Yν(2
√

a e−γ h/2)
,

C2 = iωAJν(2
√

a)

Yν(2
√

a)Jν(2
√

a e−γ h/2) − Jν(2
√

a)Yν(2
√

a e−γ h/2)
.

Finally the pressure condition (53) implies that the dispersion curves ω0 = ω0n(k) (n = 1,2,3, . . .) for the internal
modes are given by the roots of the following equation:

ω2
[
k − γ

√
a exp

(
−γ h

2

)
Yν(2

√
a)J ′

ν(2
√

a e−γ h/2) − Jν(2
√

a)Y ′
ν(2

√
a e−γ h/2)

Yν(2
√

a)Jν(2
√

a e−γ h/2) − Jν(2
√

a)Yν(2
√

a e−γ h/2)

]
= g�ρk2, (56)

where the prime denotes differentiation with respect to the argument of the function. In the limit to the pure fluid
situation (αa → 0) this dispersion relation reduces to (in the following we write ω instead of ω0)

ω2 = g�ρk

1 + cothkh
,

which for kh � 1 gives ω2 = g�ρhk2, and for kh 
 1 it gives ω2 = g�ρk/2.
Since here the parameter ν and the corresponding Bessel functions are real-valued, the corresponding modal func-

tions in the upper layer assume the following (non-normalised) form

φ0n(z) = Yνn

(
2
√

an

)
Jνn

(
2
√

an eγ z/2) − Jνn

(
2
√

an

)
Yνn

(
2
√

an eγ z/2) (n = 1,2,3, . . .).

This dispersion relation (56) is solved numerically, and in Figs. 6 and 7 we show the dispersion curves for the first
four modes, for a shallow pycnocline, where h = 5 m, γ = 1 m−1, �ρ = 0.001 and αa = 0.01 (Fig. 6) and αa = 0.005
(Fig. 7). In both figures the pure pycnocline mode (in the absence of any bubbles) is shown by a dashed line.

The splitting of the dispersion curves is again seen in both figures but is more prominent in Fig. 6, which corre-
sponds to the case of a shallow pycnocline and a relatively large void fraction of bubbles. For a weaker interaction
between bubble modes and a pycnocline mode, which corresponds to a deeper pycnocline, larger density jump or
smaller void fractions of bubbles (as in Fig. 7), the splitting of the dispersion curves is still present, but less pro-
nounced, resulting in a pycnocline mode now looking much as the same as the bubble modes. Finally, if the pycnocline
is well separated from the bubble layer, then there is virtually no interaction of the pycnocline mode with the bubble
modes, and we have two independent waveguides at different depths. This happens in cases of a deeper pycnocline,
small void fractions of bubbles or a strong density jump (as in Fig. 8, where �ρ = 0.01 and all other parameters are
the same as in Fig. 7).

The modal functions in the upper layer corresponding to the dispersion curves shown in Fig. 6 are plotted in Fig. 9
for three different values of the wavenumber k: k = 0.012 m−1, k = 0.441 m−1 and k = 1.100 m−1. In these plots, the
pycnocline mode should be identified with the first, second and third dispersion curves, respectively, in accordance
with the behaviour of the dispersion curves.

Fig. 6. The first four dispersion curves for h = 5 m, γ = 1 m−1,
αa = 0.01, �ρ = 0.001.

Fig. 7. The first four dispersion curves for h = 5 m, γ = 1 m−1,
αa = 0.005, �ρ = 0.001.
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Fig. 8. The first four dispersion curves for h = 5 m, γ = 1 m−1, αa = 0.005, �ρ = 0.01.

Fig. 9. The first four modal functions for h = 5 m, γ = 1 m−1, αa = 0.01, �ρ = 0.001 (the dispersion curves are shown in Fig. 6).

4.3. Barotropic mode

For completeness, we now consider the barotropic mode, and so we must replace the rigid-lid condition at the
upper boundary with the (linearised) free-surface boundary conditions,

w|z=0 = ηt , (57)

p|z=0 = gρ0(0)η (58)

where η is the free surface elevation, and the second condition arises by linearisation of the condition that the full
pressure field p0(z) + p is a constant on the free surface z = η. Then, using (54), in the Boussinesq approximation
(i.e., neglecting terms of relative order O(σ )), and eliminating p from the boundary conditions (57), (58), we get

wztt − gwxx |z=0 = 0. (59)
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For simplicity, we now consider the same setting as in Section 4.1 and look for solutions of (31) in the form of
normal modes

w = φ(z) exp
[
i(kx − ωt)

] + c.c.,

supplemented by the boundary condition (59) at the free surface, and the boundary condition that w|z=−H = 0 at the
rigid bottom. In the following we ignore the effect of compressibility of the mixture and concentrate on the solution
of the leading order problem in (36) (ε = 0), using (41). Thus we now find that the dispersion curves for the normal
modes are given by the roots of the following equation,

Jν(2
√

a)Yν(2
√

a e−γH/2) − Yν(2
√

a)Jν(2
√

a e−γH/2)

J ′
ν(2

√
a)Yν(2

√
a e−γH/2) − Y ′

ν(2
√

a)Jν(2
√

a e−γH/2)
= αa√

a
, (60)

where the prime denotes differentiation with respect to the argument of a function. The corresponding modal functions
assume the (non-normalised) form

φ0n(z) = Yνn

(
2
√

an e−γH/2)Jνn

(
2
√

an eγ z/2) − Jνn

(
2
√

an e−γH/2)Yνn

(
2
√

an eγ z/2) + c.c.

(n = 1,2,3, . . .). (61)

First, let us note that in the limit of a pure homogeneous fluid, i.e. αa → 0,Nl = 0, the dispersion relation (60)
yields the well-known dispersion relation for the surface waves:

ω2 = gk tanhkH. (62)

Indeed, since Nl = 0, the parameter ν = 2k/γ is real. We then consider a small value of αa for fixed values of k and ω;
the parameter a = gαak

2/(γω2) is also small. Using the standard expansions of Bessel functions in the vicinity of
zero, we obtain the following limit

tanh
γ νH

2
= ναa

2a
,

which after the substitution of the expressions for ν and a yields (62).
The dispersion curves and modal functions for the baroclinic modes computed in accordance with the dispersion

relation (60) and the formula (61) respectively are essentially the same as in the rigid-lid approximation (42) and
so are not shown here. However, in contrast to the dispersion relation (42), the new dispersion relation (60) has one
additional root, which corresponds to the barotropic mode. The corresponding dispersion curve is shown in Fig. 10,
together with the dispersion curve (62) in the homogeneous fluid in the absence of any bubbles (shown by the dashed
line). We see that the curves almost coincide. Similarly we find that the modal functions are virtually indistinguishable.
Thus, unlike internal waves, bubble distributions (as well as the basic fluid stratification) have virtually no effect on
surface waves, as expected.

Fig. 10. Dispersion curve for the barotropic mode for H = 100 m, γ = 0.5 m−1, αa = 0.001, Nl = 0.015 s−1 (solid line – in the mixture, dashed
line – in the pure homogeneous liquid; the curves coincide).
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5. Concluding remarks

In this paper we have considered how the presence of a depth-dependent distribution of bubbles in the fluid
waveguide affects the internal normal modes. Restricting attention to the low-frequency case, and then using a qua-
sistatic approximation for the bubbles, has allowed us to formulate an analytical model suitable for polydisperse
mixtures (i.e. distributions of bubbles). Consequent asymptotic analysis of our model has shown that, to the leading
order in the Boussinesq approximation, the normal modes are described by the usual modal equation, but with an
effective buoyancy frequency, which takes account of the near-surface bubble distribution. We then considered two
contrasting situations. In the first case the pure fluid has a uniform density stratification, which is then combined with
a near-surface, exponentially-decaying void fraction for the bubbles. In the second case, the pure fluid density strati-
fication is modelled by a two-layer fluid. In both these cases we have obtained an explicit description of the normal
modes and their corresponding dispersion relations.

Considering typical oceanic parameters, we have shown that bubbles, when present, may change the properties
of the oceanic internal waveguide, resulting in the appearance of an additional bubble waveguide in the upper part
of the ocean. In particular, even in the absence of any pure fluid density stratification, the density profile due to the
bubbles introduces internal wave modes. Note that the corresponding modes may not necessarily be trapped in this
thin bubble waveguide, and instead their presence can be felt at a considerable depth. When there is background
pure fluid density stratification, we have shown that there are circumstances when there is a potential for a strong
interaction between the pure fluid internal wavequide and the upper layer bubble waveguide. In particular, we note
that wind-forcing of internal waves may be significantly affected by the presence of an upper bubble layer. Indeed,
for those parameter values where the “bubble” modes and the “internal” modes have nearly-intersecting dispersion
curves, we would expect that there could be a significant transfer of energy to the “bubble” modes, with consequently
less energy penetrating to the deep ocean in the form of “internal” waves. We also would like to note that these bubble
modes, when present, could affect the surface signatures of internal waves (a brief outline of current studies on the
formation of surface signatures of internal waves can be found, for example, in Apel et al. [23]).

Strictly speaking, the present model has only limited applicability to the description of the surface waves in the
situation considered in this paper. Indeed, it would be more appropriate to consider large-amplitude breaking sur-
face waves (which are highly non-linear), which inject bubbles into the water (some results in this direction were
obtained in a recent paper by Peregrine et al. [24]). Such waves have a large fraction of air in the mixture and foam
on the top, and our model is not applicable in this situation. However, we expect our description to be applicable to
small amplitude surface waves propagating immediately after the cessation of the breaking of large amplitude surface
waves.

Finally, it is appropriate to discuss briefly the physical processes which can maintain a near-stationary depth-
dependent bubble distribution. In the oceanic context bubble clouds are repeatedly injected by breaking surface
waves, and then evolve under the influence of buoyancy, surface currents, turbulence, dissolution, and bubble break-
up. We have taken the view that, acting together, these processes result in the presence of relatively long-lived,
quasi-stationary bubble distributions in the upper ocean. The existence of such distributions is supported by the ex-
perimental and observational data discussed in the Introduction. Our study suggests that, when looking at typical
internal wave time scales, it may be necessary to take account of these bubble distributions. Indeed, density gradi-
ents in the ocean are usually small, and it turns out that typical bubble distributions in the upper ocean can produce
a density gradient field comparable with that found in the deeper ocean. As we have shown, this can support its
own internal wave field, and also significantly modify the internal wave field associated with the density gradient
field in the deeper ocean. Nevertheless, the physical processes maintaining the bubble distribution, and the motion
of individual bubbles relative to the surrounding fluid are important issues that we would like to address in future
work.
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